The main aim of our work is to present a theory of light propagation through a liquid crystal display worked out in our Uni
Introduction
Nowadays, liquid crystal displays are widely used for different applications, from small displays in home or office devices, through large-area displays for out-door use, to special applications, e.g., in military or aviation area. Unfortunately, contrary to standard (home, office etc.) applications, electro-optical parameters of such a display are not sufficient to use it in large-area or other special applications without problems. For such special applications, the display parameters have to be very high, a display cannot be constructed in a standard way and the display elements should be chosen and mutually matched depending on individual circumstances appearing outside of the display. The outside circumstances mean not only external illumination, but also the possible observation angles.
Because, generally speaking, each LC display is a setup of many layers, where each of them can have different optical properties and represent different kinds of a medium (from isotropic to dichroic one), "hand choice" of an optimal construction of the display for a given special application is very difficult. Therefore, to do it, a mathematical model of light propagation through the display should be used. Such a model should take into account real phenomena occurring during light passage through the display, only then the results of calculations can be regarded as correct ones and they can be used for a display optimization process. In this work, the proposal of such a theory is presented.
Proposed theory of light propagation through LC display
The basic optical parameters of the display determining the possibilities of its application are luminance, contrast ratio, and colour. These parameters can be obtained using the following equations: luminance where DisPar is the acronym of Display Parameters (properties of display elements), BRIGHT and DARK denote bright and dark state of the display, respectively. H(l) and S(l) are the human eye sensitivity function and the spectral characteristic of a light source, respectively. X Y Z ( ), ( ), ( ) l l l are the colour matching functions.
As one can see, all mean optical parameters of the display can be obtained for the given work conditions, i.e., type of illuminating light sources and observation circumstances (day, night), only in a situation when the display transmission function is known. It should be underlined, that this function depends on many display parameters. First of all, a profile function in a liquid crystal layer (driving voltage), values of complex refractive indices of all layers in the display, quantity and mutual arrangement of these layers and external circumstances such as a type of light source and its deploying in the space. The external circumstances influence the display transmission function because of two reasons:
• transmission coefficients of light have different values for different wavelengths,
• coherence time of illuminating light influences the interference efficiency occurring in a display. Additionally, for a transmission mode, both light sources (external and internal ones) should be considered. In this case, the optical parameters of a display can be determined using modified Eqs. (1), (2) , and (3) presented previously which take advantage of two mutually normalized functions, the first one for the light transmitted through the display and the second one for the light reflected from it. So, in this case, the form of luminance is described by
In the proposed Eq. (4), the normalizing coefficient k determines the ratio of light intensity of source no. 2 to source no. 1. S 1 (l) denotes the spectral characteristic of the first light sources. It can be external or internal one. S 2 ( ) l is the normalized spectral characteristic of the second light source in relation to source no. 1. T 1 (DisPar,l) and T 2 (DisPar,l) denote the functions describing intensity of transmitted and reflected light in relation to internal and external light intensity, respectively.
Contrast ratio and colour coordinates for the transmission display can be determined in a similar way. For a reflective mode of the display, Eqs. (1), (2) , and (3) can be used in unchanged form.
The short information presented above show, that to obtain any optical display parameter, the transmission or/and reflection functions of the display as a whole must be determined. The way to do it is a mathematical theory of light passing through the display. Because our investigations concern the displays used for special applications, the simplified theories cannot be applied. We need the theory taking into account:
• spectral characteristic of a light source (or sources for a transmission mode),
• dispersion of refractive indices of all display layers and their complex forms,
• complex form of wavevectors and real directions of ordinary and extraordinary waves in anisotropic or dichroic layers,
• multi-interference phenomena occurring in the display.
The analysis of these phenomena should take into account a temporal coherence of light.
Therefore we would like to propose our theory based on the analysis of Maxwell equations, which for non-magnetic and non-absorbing media have a form: 
where ( e represents the dielectric tensor in a principle coordinate system of a given layer in the form 
where e or and e ex denote dielectric permittivities measured perpendicularly and in parallel to the optical axis of a layer, respectively. Solving the Maxwell's equations [Eq. (5)], after using a form of dielectric permittivity tensor of Eq. (6), the wavevector r k of light in a principle coordinate system of the given layer can be obtained as
](the index G denotes a principle coordinate system) fulfilling the following equation In this way, the information about two waves propagating in the given direction was obtained, the first one described by a wavevector fulfilling the relation
= w , the module of which does not depend on a direction of propagation, and the second one described by a wavevector, the coordinates of which fulfil the left part of Eq. (8) with a module depended on a direction of propagation. The first wave is called an ordinary wave, and the second one extraordinary wave.
The obtained results make it possible to determine, in the next step, polarization of these both waves. Using Eq. The very similar analysis can be carried out also for a dichroic medium. In this case, the following expressions describing the ordinary and extraordinary waves are obtained:
• ordinary wave the wavevector fulfils the relation 
n o and n e denote the real part of the refractive index, ordinary and extraordinary ones, respectively. c o and c e denote the imaginary part of refractive index, ordinary and extraordinary ones, respectively. The refractive indices of a dichroic layer have the forms
and the wavevector k c n i
The coefficient c is responsible for absorption and the absorption coefficient can be defined as a w c = 2( ) c . The results presented above were obtained for a principle coordinate system (connected to the optical axis of a layer) determined independently for each layer in the display. To describe a display as a whole, the common coordinate system (called laboratory system) for all layers has to be introduced. Additionally, the next coordinate system describing the incident light is needed. This system will be called a surface system. Let the principle coordinate system of the given layer be denoted as O G (xG,yG,zG) and has the unit vectors r r a b , and r c ( r c is the direction of an optical axis in the given layer), the laboratory system is denoted as O L (xL, yL, zL) and has the unit vectors ¢ ¢ r r x y , and ¢ r z (the constant system and ¢ r z is perpendicular to the display surface) and the surface system (which is connected with an incident wave) denoted as O S (xS, yS, zS) and has the unit vectors r r x y , and r z. The mutual relations between these three systems are presented in Fig. 1 .
The system from which one should start the solution of our problem is the system O S . This is a system common for all layers in the display and it is determined only by a direction of an incident wave. Let the wavevector of an incident wave (in external medium, which is always isotropic one) is r k k Using the previous relation for ordinary and extraordinary wavevectors [Eq. (9)], the missing coordinates can be determined as The obtained results include the information about the wave propagating through the given display layer in both directions, (+z) and (-z) ones. So, the wavevectors connected with these waves can be described in a surface coordinate system after using transposition matrices as r r
( ) [ , ,
k ozT (k ezT ) and k ozR (k ezR ) denote the z-coordinate of the wavevectors for propagation in (+z) direction (called a transmitted wave) and in (-z) direction (called a reflected wave), respectively. Using the wavevectors in a form of Eq. (12) described in a principle coordinate system and Eqs. (9) and (10) (or the same relations for a dichroic medium), after using transposition matrices, all coordinates of the unit vectors of an electric field (polarization of waves) can be obtained for the both directions of wave propagation. These vectors can be described as r r 
After determining the forms of wavevectors and connected with them the unit vectors of the electric field for all layers of the display, the reflection and transmission coefficients of each boundary appearing in the display can be determined. Figure 3 presents the scheme of wavevectors drawn in a surface coordinate system for the given phase boundary. The following descriptions were assumed, r k oi is the incident ordinary wave, r k ei is the incident extraordinary wave, r k oR is the reflected ordinary wave, r k eR is the reflected extraordinary wave, r k oT is the transmitted ordinary wave, and r k eT is the transmitted extraordinary wave. Remembering that all wavevectors and unit vectors of an electric field for all display layers were determined in form of Eqs. (14) and (15) • for wave propagation from medium no. 1 to medium no. 2 (situation presented in Fig. 3 ) r r r r r r
1 
• for wave propagation from medium no. 2 to medium
2 
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where all the coefficients S and Z are known. Next, using in Eqs. (22a) 
and solving its to obtain the values R o and R e we have 
Solving the system of equations once again, but substituting in Eqs. (22a) Using the sets of the data [Eqs. (17) and (18)], a full form of transmission and reflection coefficients for each boundary in the display and for the both possible directions of wave propagation can be determined. It should be underlined, that these results are obtained for the given external conditions defined by an illuminating angle.
For unambiguous definition of all transmission and reflection coefficients in our further analysis, the following notation will be used (for a boundary between the layers n and n+1), T n n
+1 is the transmission coefficient for the direction of wave propagation (+z), ¢ + T n n ( , )
1 is the transmission coefficient for a direction of wave propagation (-z), R n n
+1 is the reflection coefficient for the direction of wave propagation (+z), ¢ + R n n ( , ) 1 and is the reflection coefficient for the direction of wave propagation (-z). As one can see, generally speaking, the symbol prim is reserved to describe (-z) direction. Such a rule will be applied to all values, e.g., the symbol ¢ r k o n ( ) denotes the wavevector propagating through the
After all boundaries were described, the transmission and reflection coefficients for all layers can be obtained. To do it, the interference phenomena should be considered. To properly describe these phenomena for, in general, an anisotropic layer, some analysis should be carried out. Let us notice, that the ordinary and extraordinary waves generated in one point A, on the first boundary of the layer n will not meet in one point on the second boundary. This phenomenon is presented in Fig. 5 . As one can see, an ordinary wave achieves the point B on the second boundary of the layer n, while an extraordinary one achieves another point. To the point B, comes the extraordinary wave which is generated in the point C on the first boundary of the layer.
To properly solve this problem, we assumed that in the point A, but also in the layer n-1 [denoted in Fig. 4 as the layer (n-1)] a light wave has the form according to the Jones vector representation
So, after passing the first boundary of the layer n, such a wave can be described as 
where the first row of a matrix represents an ordinary wave propagating in the layer n and can be written in a full form as
The form of a wavevector of an ordinary wave in a surface coordinate system is
and the vector r r describing the way from the point A to the point B has a form r r h tg h 
In this way, the form of an ordinary wave coming to the point B is obtained as r r
After it, we will analyse an extraordinary wave achieving the point B. It is easy to show, that if the point A in the layer n-1 is achieved by a wave in form of Eq. (30), the point C is achieved by a wave being in the following mutual relation 
Therefore, in the layer n (after passing the boundary) the following wave is created 
Opto-Electron. Rev., 16, no. 3, 2008 where the second row represents an extraordinary wave, which after passing the layer n achieves the interesting us point B. This wave, but just after assigned the layer n, can described in a full form as r r 
where (after some calculations, similar to these ones done during the analysis of an ordinary wave) can be shown, that
As one can see from the calculations presented to this end, the wave after passing the layer n can be described as a function of a wave achieving the initial layer boundary (38) where D ( ) n denotes the matrix of phase shifts occurring during passing the layer n and
Very similar analysis can be done for (-z) direction of light propagation and in this case the following relation for a phase shift will be obtained
where
and
Analysing the real passing of light through the single layer placed between the other layers, the multi-interference phenomena occurring into the next layer (n+1 for transmission and n-1 for reflection) should be considered. To do it, the reflection phenomena occurring in the layer n must be taken into account. ( )
where NR represents the quantity of reflections from the boundary between the layers n and n+1 taken into account in the analysis and for a lack of reflection is equal to 0, for one reflected beam is equal to 1 etc. It can be shown (but it is too long to present here), that used in Eq. (48) 
To take into account multi-interference phenomena, a full form of a wave in the layer n+1 r E n ( ) +1 should be obtained as a sum of the particular waves r E NR n ( ) +1 . Let us notice that using the following substitutions in Eq. (41)
it can be rewritten in the following form, very useful to the next proceeding
After it, a full form of a wave in the layer n+1 can be written as 
where denotes the transmission coefficient determined for the layer n and for transmission analyzed for the (+z) direction of wave propagation. This coefficient was constructed under the assumptions that the light wave is propagating from the boundary between the layers n-1 and n (the start point is placed just in the layer n) to the layer n+1. Under these assumptions, using this coefficient the propagation phenomena from initial boundary (start point placed in the layer n) to final boundary (end point in the next analyzing layer) can be described. It should be underlined, that the obtained end point for the layer n denotes simultaneously the start point for the layer n+1. Therefore, such a construction of the coefficient T (n) is very useful. The similar analysis can be carried out for the direction (-z), as well as, for the wave coming back to the layer n-1. 
The obtained coefficients [Eq. (53)], which can be determined for all layers makes it possible to obtain the coefficients which will describe a layer system as a whole. To construct them, the following method (illustrated in Fig. 7 ) was proposed.
Let us denote by T (N) , T' (N) , R (N) and R' (N) the coefficients of transmission and reflection of a layer system including the layers from 1 to n. The coefficients T (N+1) , T' (N+1) , R (N+1) and R' (N+1) characterizing the layer system including the next layer n+1, i.e., from the layer 1 to the layer n+1 can be expressed as . Scheme of a construction process of transmission and reflection coefficients for a given layer; T (n) is the transmission coefficient for the layer n and the direction of wave propagation (+z), T' (n) is the transmission coefficient for the layer n and the direction of wave propagation (-z), R (n) is the reflection coefficient for the layer n and the direction of wave propagation (+z), R' (n) is the reflection coefficient for the layer n and the direction of wave propagation (-z). Currying this process to the end of the layer system, all the needed coefficients which describe optical properties of the analyzed system can be obtained.
It should be underlined, that the coefficients presented above [Eq. (47)] include the information about all combinations of multi interference phenomena occurring in a layer system for any observation angle (in difference of our previous method presented earlier [3] ). To properly describe these interference phenomena, a coherence time of the used light (taking into account the sensitivity of a detector) should be applied. This coherence time may be determined using Fourier transformations and applied in particular interference phenomena.
Conclusions
The mathematical model presented in this paper can be used (with connection to a computer program) for example as a very fast optimization tool to analyze a liquid crystal display [4, 5] . Simultaneously, it can be used to determine optical parameters of any layer applied to construct this LC display. It should be underlined, that this model can be applied to analyze not only a display, but all devices which have a layer structure. The experimental verification done for transmission twisted nematic cells gave the results which differed from the theoretical ones not higher than 2-3%. It confirmed that presented mathematical model can be treated as a good approximation of real circumstances. The proposed model can be very useful to study, e.g., reflective colour LC displays, because their proper description is especially complicated and difficult.
